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KHOA HOC VA CONG NGHE MO

PHEP CHUYEN POI TOA DO HELMERT VA

MOT SO /NG DUNG TRONG TRAC BIA CONG TRINH
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ThS. HOANG TH| MINH HUONG, PGS.TS. NGUYEN QUANG PHUC,
TS.NGUYEN VIET HA, ThS. NGUYEN HA - Tnrong Dai hoc Mé-Dja chat

& biéu dién vi tri cia mot diém trén mat dat
‘D hay trong khéng gian, can st dung moét hé
toa dd nhat dinh nao dé. Mdi hé toa do déu co
nhitng quy wéc, nhitng quy tac thanh lap nhét dinh
va gilra chiing déu cé nhixng méi quan hé hinh hoc
va toan hoc rat chat ché. Trong nhirng treéng hop
can thiét hoan toan c6 thé chuyén déi qua lai gitra
cac hé toa do. Phép chuyén déi toa d6 cha Helmert
don gidn la phép bién déi xoay, ddéng dang gitra 2
hé toa db phéng. Tuy nhién, né lai ¢6 nhirng rng
dung rat hiru hiéu dé giai quyét mot sd nhiém vu cla
trac dia cdng trinh: tinh chuyén gilra hé toa dd cong
trinh véi cac hé toa do khéac; xac dinh cac théng soé
chuyén dich bién dang céng trinh hay x& ly cac

mang Iwéi chuyén dung cla trac dia cong trinh.

1. Bai toan chuyén déi toa dé Helmert
Gia st ¢ 2 mang luai trac dia da dugc binh sai
rieng biét, trong d6 co6 cac diém chung vai cac toa
do la x;, yi va x/', yi'. Khi do dat ra bai toan tinh
chuyén toa d6 tir hé nay sang hé khac. Cong thirc
quen thudc dé tinh chuyén toa d6 cé dang [5]:
Xj=ay+ x;.mo.coscp~ y;.mo.sin(p
Yj =ay + X;.Mp.Sing +y;.Mp.Cos¢

(1)

Trong do: ¢ - Goc xoay gitra 2 hé toa dd; mg - Hé
s6 ty 1&; a, va a, - Toa d6 diém gbc O’ cla hé toa
do x'O’y' trong hé toa dd xOy (H.1).

Ky hiéu: a=mg.cosg; B=mg.sing Sé& co:

4& =ay +X;G—Y;B 2)

yi =ay +yja+ X
Hodac viét lai theo cach sau:
Xj —Xj =ax +xj(@a-1)-y -
Yi—Yi=ay +yjla-1)+x
Néu dich chuyén géc toa do trong mdi hé vé
diém trong tam c6 cac toa A6 xg=[xJn.yg=[v;Jnva
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xo =[x¥n, Yo =[yi}n, v&in la sé diém cla lugi thi
khi d¢, toa d trong tam cua cac diém trong mébi hé
tvong (rng duge xac dinh la:

Xi=Xi=Xp, Yi=Yi—-Yo V& X=X -Xo, Yi=Yi-Yo-

X

+
axl

o -
H.1. Quan hé gitra hai hé toa dé phang.

V&i cac toa dd trong tam, hé (3) dugc viét lai

nhw sau:
X; — X = ax + X0 — ¥ -
" e (4)
yi—VYi=ay +Yia-Xp
Trong d6 d4 ky hiéu a=a-1.

Xem cac hiéu sé: Ri—R;:—lgi, S/-,—?i'z—lyl nhuw
la nhirng “tri do” doc 1ap va cung do chinh xac, sé
lap dwgc hé phwong trinh s6 hiéu chinh:

Vg, =ax + Xa-Yip+lz,
e (3)
Vy, =ay +Yja+XB+ly,
Véi n diém chung, ta c6 hé phuong trinh sb

hiéu chinh viét dwéi dang ma tran: ;
V=BZ+L. (6)

Trong dé: B=(B; B, ... By)' vai:
10 % -V

B=| o, (7)
0 1Yy X
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L 5T
vector tham sé Z=(ag ay d [3) va vector sb

hangtwdo L= (Ig1 15y - 1%y Iyn)T.
Theo nguyén Iy sé binh phuong nhé nhat

V'V=min, tir (6) lap dugc hé phuong trinh chuan
RZ + b =0, trong do6:

n 0 kx_] —[[)T'
R-BTB = 0‘ n ' y_' X ;
X Y r 0
[[V']] H o
TR
y b a-
-z]+ [v -w] oo |

. Theo tinh chat cia hé toa do
=0; [>‘<] [y] =0, déng thoi co
0.Do vay.

ag]:O

voi r= X|

__l__'—__|

trong tam thi [x]
[1x1=0.[ly]=

Da}—(— :b

]ba:[x -'i] [57 '7] (9)
e =-Fel 5]
Tir day thdy rang cac tham s6 a, vaa clng

bing 0, con cac tham sé o va B sé duoc xéc
dinh tir viéc giai hé phuong trinh:

r.6+ba =0
r.B+ bB =0
Sau khi tim dwoc a=a+1, sé tim duoc hé sb

tylé mg = Vo + B2 va goc xoay ¢ = arctg(p/a).

Dé xac dinh cac tham sb ay va a,, ching ta viét
hé phwong trinh s0 hiéu chinh & dang khéng
chuyén qua hé toa d¢ trong tam nhw sau:

(10)

Vy, =ax+xf—yiﬁ+xf—xi )
Vy; =ay +Yia+ XiP+yi-Vi
Theo bd d& Gauss B'V=0, trong bai toan nay
ching ta c6 [vy]=[vy]=0 [2]. Do vay, néu lay

tbng cac phwong trinh s& hiéu chinh vy va vy roi
chia cho n, sé duwoc:

ay =—XpU+YoB+Xp

o (12)
ay =-You—XoB+Yo

Trong trwdng hop géc @ nhd, c6 thé xac dinh
cac thong sb chuyén dbi toa d clng bang cach
giai hé phuong trinh (6) nhwng trong d6 [2]:

10 v X
z=lax ay o m)"; Bi=[0 i~ y} (13)

2. Ung dung phép chuyén ddi Helmert @é
tinh chuyén toa dd Trac dja coéng trinh ‘

2.1. Sw can thiét phai tinh chuyén va quy
trinh tinh

Nhuw da biét, lwdi khdng ché thi cong l1a dang
lwdi cuc bd, dwoe xac dinh doc lap trong hé toa do
clia cong trinh va duwoc phat trién dwa trén cac
diém lwdi toa A Nha nudc. Vi vay trong nhirng
treong hop can thiét, phai tinh chuyén qua lai gitra
hai loai toa dd nay. Trong bai toan chuyén dbi toa
do Helmert da trinh bay & trén, dé xac dinh vector
tham sbé Z, can it nhéat 2 diém c6 toa d6 trong caz2
hé (goi la diém song trung) Khi s diém song trung
lén hon 2, vector tham so Z sé ducfc xac dinh theo
nguyén Iy sé binh phucng nhé nhat. Sau khi tim
duoc vector tham sd Z sé tinh chuyen toa dd cho
cac didém con lai khéng phai la diém song trung.

2.2. Thwe nghiém tinh chuyén

Vi du dwdi day sé thwc nghiém tinh chuyén tir
hé toa dd cong trinh sang hé tea dé Nha nwéc cho
mot mang lwéi khong ché thi cong. Toa dd cong
trinh clia cac diém cho trong Bang 1. Toa df cua
cac diém song trung cho trong Bang 2.

Dwa vao cac thuét toan da trinh bay & trén dé
x4c dinh cac tham sb tinh chuyén. Két qua thu
dwoc nhuy sau: ax—-36 2006 m; a,=-60,7160 m;
»=2,73267693. 10 rad.; me=1, 00000693264 St
dung cac tham so nay de tinh chuyén toa d6 cho
cac didm con lai (1a cac diém tir TD-06 dén TD-10).
Két quéa thu dwoc nhw sau (Bang 3).

Béng 1. Toa d6 cong trinh cla céc diém khdng ché

d'em T

T TD01 | 2140250,0860 | 446040,6530
5[ 7DW02 | 2140503.2350 | 4454620890
3 s '2:.1'4@7?32028 | 445322,0688
4 [ TD-04 | 21397029803 | 445518,1788
5 | TD.05 | 2130411,6688 | 4458323288
6 | TD06 | 21396965064 | 4461350625
7 [ TD-07 | 2139312,1682 | 446173,1471
8 | TD.08 | 21367693787 | 445961,2818
"9 | TD09 | 2138899,7677 | 446552,2180
10 | TD-10 | 2130577,0834 | 4464529045
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Bang 3. Két qua tinh chuyén toa do.

$ Ten d:érnfE : _,555 --

o Y (m)

1 o0 | 2 146135,9161
21001 | 3 446173,9850
3l 1008 ;' 445962,1034
| 4 | TD-09 6 | 446553,0472
5| D10 *:2139543 51'4”8_33 446453,7516

3. Ung dung phép chuyén déi Helmert xéc

dinh théng s6 chuyen dich cong trinh

Bang 2. Toa dd ctia céc diém song trang

Phép chuyén dbi toa dé6 Helmert cling c6 thé
duwgc str dung trong phan tich bién dang dé xac
dinh céc théng s6 chuyén dich tong thé cla cdng
trinh. Tré& lai v&i cong thirc (4), néu dat cac hiéu sé

Xi—Xi =-Qx v& ¥ -V =-Qy,
chuyén dich clia diém i theo cac huwéng truc toa da
va gidi hé (4) duoi didu kien [Q2]+[Q2]=min thi,

voi Qz va Qy la

khi d6, vector tham s6 Z tim dwoc sé dac trwng cho
chuyén dich tong thé cla cong trinh. Xem xét mét
vi du sau day: gia st c6 5 diém quan trdc gan trén
mét cdng trinh dang thang; toa do cua chung trong
2 chu ky lién tiép dwoc cho trong Bang 4.

| TT

Toa d6 Nha nwéc

- Toa' do cong trlnh

m. e X (m) Y' (m)
1 -.;:-2140250 0869.___5‘.5.-,_' 44@040,6530' | 21402165312 | 4460415336
i - - 4454620800 | 2140469,6982 4454629366
. ; 4453220688 | 2140143,6671 | 4453229324
4  445518,1788 | 2139669,4386 | 4455190214

5 1,8 | 4458323288 | 2139378,3231 445833,1604

Bang 4. Toa do cla cac diém quan'tré’c trong 2 chu ky

Toa do trong chuky 1

Toa 66 trong chu ky 2

Xi(m)_

= =S ) - X2 (m): Y2 (m)
1 | QT-01 2416 369%.: - 3017.045 T 2416371 3017.043
2 .| Qt-02 2416388 | 3050181 24168555 3050.179
3 [ QI03 9416875 @ | 3075848 2416.380 3079.843
4 | QT-04 | 2416349 . 107./84 2416.357 3107.782
5 | OF05 | OdipAng ~ 3131.328 2416.387 3131.330
_liongtam . = odfsdee . e T 3077.235

S dung cac thuat toan néu & trén, da xac dinh
dwoc cac thong sb chuyén dich téng thé ctia cong
trinh nhw sau: hé sé ty 1& my=1,000026; chuyén
dich trgng tam theo huwdng truc X on =+3,6 mm;

chuyén dich trong tdm theo hwéng truc Y
Q, =-1,4 mm; goc xoay clia hai hé truc: ¢-0° 00" 136",

4. Phép chuyén dbéi Helmert va bai to4n binh
sai lwéi ty do trac dja cong trinh

4.1. Tha thudt giai bai toan binh sai lwéi tr do
c6 sb khuyét d>0 )

4.1.1. Bai todn binh sai Iwéi tw do cé sé
khuyét d>0

Lwéi thi-céng va Iwéi quan trac bién dang la dang
lwéi chuyén dung cla tric dia cong trinh, 6 ban chéat
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la ludi tw do véi sd khuyét d>0 (goi tat Ia ludi t do
d>0). Trong trwdng hop nay, ma trén hé s6 A va ma
tran hé s0 hé phuwong trinh chudn R c6 d cot phu
thugc tuyen tinh, khéng gla: duoc theo cach théng
thuéng. Dé khir sé khuyet d>0, cac an sb phai dugc
xac dinh VO’I diéu kién bd sung C"X=0, trong d6 ma
tran he s6 C phéi c6 d cot doc lap tuyén tinh. Didu
kién V'PV=min s& dan dén hé phwong trinh chuén:

R CI[X] [b
i 14

[CT OJ'[K:;‘F':O} 0 (14)
c6 ma tran hé sb khéng suy bién nira. Khi do, tén
tai ma tran gia nghich dao [3]:

R™=(R+cCcTy =177 (15)

Tiép theo, sé st dyng R™dé binh sai va danh
gia dd chinh xac cac yéu t6 clia mang lwdi.
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Trong (15), T la ma trén trung gian dwoc xac
dinh theo cong thire: T= =B(C"B)", véi B 1a ma tran
chuyen ddi toa do cla Helmert [2] [6]. Ma tran B
bao gébm mét chudi cac ma tran con B; dugc xac
dinh theo cdng thirc (13) clng voi d cot doc lap
tuyén tinh, ¢ cac tinh chat AB=0 va RB=0. Diéu
dang lwu y]a gitka ma tran C va B luén quan hé vai
nhau b&i dang thirc C=EB, trong d¢é [4]:

Eq O
Eg = .

Pang thirc (16) cho thay dleu kién bd sung
C"X=0 chi rang budc déi véi k an sé (kst) cla
vector X. Chi co mot trucmg hop duy nhéat khi C=B.
Khi d6, T=B(B'B)"'=

4.1.2. Nhdn xét. Tu nhu=ng van dé trén, co thé
thay diéu kién bd sung C'X=0 da duoc xac lap trén
co s& clia bai toan chuyén dbi toa d6 clia Helmert.
Vé mat tha thuat, no dugc dua vao bai toan binh
sai lwoi tw do d>0 dé cho bai toan tré nén gidi
dugrc, nhung lai c6 y nghia réat quan trong trong
viéc dinh vj lwéi tw do d>0 cla tréc dja cong trinh,
ty thudc vao viec chang ta Iwa chon dang thic
(16). Hien nhién la voi nhCrng Iwa chon khac nhau
cla dang thirc (16) sé cd mot tap nghiém X tuong
ng, hay noi cach khac, ludi duoc dlnh vi theo k
an sé duoc chon, thda man didu kien CTX=0.

4.,2. Tinh toan thwec nghiém

Mang ludgi duoc lay lam thwc nghiém [1] bao
gdm 15 diém (H.2), trong @6 c6 10 diém mai thanh

(16)

Béng 5. Kiém tra diéu kién djnh vj (Phwng an 1).

lap va 5 diém cl da c6 toa d9, dung d& do nébi.
Thye hién binh sai lwéi theo 2 phwong an:

«» Phwrong an 1 - Binh vi lwdi theo 3 diém cii
TD-03,"TD-04 va TG-04;

% Phwong an 2 - Dinh vj luéi theo ¢a 5 diém cii
TD-01, TD-02, TD-03, TD-04 va TG-04.

Trong Bang 5 va 6 duwa ra két qua kiém tra diéu
kién dinh vi va toa dé sau binh sai theo Phwong an
1; Bang 7 va 8 dua ra két qua kiém tra diéu kién
dinh vi va toa do sau binh sai theo Phwong an 2.

H.2. So db i thuc nghiém

Tén d‘lem dlnh Vi

CONG NGHIEP MO, S0 3 - 2015 m



KHOA HOC VA CONG NGHE MO

Béng 6. Toa d0 binh sai cia céc diém (Ph.4n 1).

Bang 8. Toa do binh sai cta céc diém (Ph.an 2).

o Tgn - Toadd : TF T?n Toa do
T afm o y (m) | diém x(m) y (m)
1 TC-01 2140216,533 | 446041,503 1 | TC-01 | 2140216.536 446041.497
2 TC-02 | 2140469,679 445462,947 2 TC-02 | 2140469.680 445462 941
3 TC-03 | 2140143,650 | 445322930 -3 TC-03 | 2140143.651 445322 925
4 TC-04 | 2139669434 | 445519,037 4 TC-04 | 2139669436 445519.033
5 | TC-05 | 2139378,329 445833,180 5 | TC-05 2139378.331 445833.178
6 TC-06 2139863,356 446135910 6 TC-06 2139863.359 446135.905
7 TC-07 2139278,628 446173,994 7 TC-07 2139278.631 446173.991
8 TC-08 2138735,844 445962,131 8 TC-08 2138735.847 445962.130
9 TC-09 2138866,235 446553,057 9 TC-09 2138866.240 446553.056
10 TC-10 2139543 539 446453,747 10 TC-10 2139543.543 446453.744

Cac két qua dinh vi lwéi clia 2 phuong 4an trong
hai Bang 5 va 7 ciing nhw cac két qua toa d6 binh
sai trong hai Bang 6 va 8 cho thay tinh dung dan
cla nhirng nhan xét dwa ra trong muc 4.1.2. Cac
két qua binh sai con cho thay: vector tri do sau binh
sai trong 2 trwdng hop dinh vi la duy nhat, khéng
phu thuéc vao viéc lwa chon ma tran Eq.

5. Két luan

T cac két qua nghién clru néu trén, co6 thé rat
ra mot s6 két luan sau day:

%+ Phép chuyén dbi toa d cta Helmert la phép bién
ddi xoay, déng dang dé chuyén di toa dé gira cac hé
toa d6 phang, nhung dugc st dung rat hiéu qua dé
gidi quyét nhiéu nhiém vy clia trac dia cong trinh;

« Trong x( ly s6 liéu cac mang lwéi tw do d>0
theo mé hinh bal toan binh sai gian tiép kém diéu
kién, diéu kién C TX=0 dwoc xac lap trén co sé cla
bai toan chuyen déi toa do clia Helmert. Diéu kién nay
dwoc dwa vao bai toan binh sai lwéi tw do d>0 dé giai
quyét ddng thei 2 nhiém vy: binh sai lwdi; dinh vi ludi;

< Néu chi binh sai lw¢i ma khéng dat van dé
dinh vi lwdi thi chi can ap dung phuong phap binh
sai trj do, ttrc la binh sai diéu kién ngay ca ddi voi
nhttng mang lwoi tw do d>0. Hién nhién 1a trong
trwong hop ndy, khéng can bd sung diéu kién
C™X=0.0
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